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Abstract
The goal of the paper is to prove generalizations of the classical Plancherel–Polya inequalities in which
point-wise sampling of functions (δ-distributions) is replaced by more general compactly supported distri-
butions on Rd . As an application it is shown that a function f ∈ Lp(Rd), 1  p ∞, which is an entire
function of exponential type is uniquely determined by a set of numbers {Ψj (f )}, j ∈ N, where {Ψj },
j ∈ N, is a countable sequence of compactly supported distributions. In the case p = 2 a reconstruction
method of a Paley–Wiener function f from a sequence of samples {Ψj (f )}, j ∈ N, is given. This method
is a generalization of the classical result of Duffin–Schaeffer about exponential frames on intervals.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Entire functions of exponential type; Plancherel–Polya inequality; Frames
1. Introduction
A classical theorem of Plancherel–Polya states that if a function f ∈ Lp(R), p > 0, is an
entire function of exponential type ω then for any real sequence {xj } ⊂ R such that
inf
j =m |xj − xm| = α > 0
the following inequality holds true:(∑
j
∣∣f (xj )∣∣p)1/p  c‖f ‖Lp(R), (1.1)
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[7,17,18,21,22]) states that if xj = j ∈ Z is a sequence of integers and f ∈ Lp(R), 1 p ∞,
is an entire function of exponential type less than π, then an inequality opposite to (1.1) also
holds true
‖f ‖Lp(R)  C
(∑
j∈Z
∣∣f (j)∣∣1/p)1/p, 1 p ∞,
where C is independent on f .
The sequences of real numbers {xj } for which both inequalities hold true(∑
j
∣∣f (xj )∣∣p)1/p  c‖f ‖Lp(R)  C(∑
j
∣∣f (xj )∣∣p)1/p, 1 p ∞, (1.2)
are known as sampling sequences. The corresponding inequalities are known as Plancherel–
Polya inequalities [19], or as the frame inequalities [7].
The problem of describing sampling sequences attracted attention of many mathematicians
[5,6,8,10,11,13,14]. An optimal result about sampling was obtained by A. Beurling [5] in terms
of its famous notion of density for discrete sets of points. It was recently shown in [13] that a
sequence {xj } is a sampling sequence for a Paley–Wiener space in L2(R) if and only if it is a zero
set for a certain analytic function.
According to the Paley–Wiener theorem the Fourier transform
fˆ (ξ) =Ff (ξ) = 1√
2π
∫
R
e−iξxf (x) dx
of any entire function of exponential type  ω is a distribution with support in [−ω,ω]. In the
case p = 2 the space of entire functions of exponential type ω is denoted by PWω(R) and is
called the Paley–Wiener space.
If p = 2 then since the support of the Fourier transform fˆ is in [−ω,ω] the Plancherel theorem
shows that the inequalities (1.2) can be written in the following form:
C1
∑
j∈Z
∣∣∣∣∣
+ω∫
−ω
fˆ (ξ)eiξxj dξ
∣∣∣∣∣
2

+ω∫
−ω
∣∣fˆ (ξ)∣∣2 dξ  C2∑
j∈Z
∣∣∣∣∣
+ω∫
−ω
fˆ (ξ)eiξxj dt
∣∣∣∣∣
2
, (1.3)
that means that the functions {eiξxj } form a kind of a basis (not necessary orthogonal), which is
called a frame in the space L2([−ω,ω]).
There is a remarkable result of Duffin and Schaeffer [8], that the inequalities (1.3) imply
existence of a dual frame {θj } in the space L2([−ω,ω]) such that any function f ∈ PWω(R) can
be reconstructed according to the following formula:
f (x) =
∑
j∈Z
f (xj )F−1θj (x). (1.4)
This formula is a generalization of the classical sampling theorem which says, that if f ∈
PWω(R) then f is completely determined by its values at points nΩ , where Ω = π/ω and in
L2-sense
f (t) =
∑
f (nΩ)
sin(ω(t − nΩ))
.
ω(t − nΩ)
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of points {xj }, xj ∈ R, for which the exponentials {eixj ξ } form frames in appropriate spaces
L2([−ω,ω]). In fact it was a far going development of some ideas of Paley and Wiener [14]
about irregular sampling.
We consider spaces Eωp (Rd), Eω2 (R
d) = PWω(Rd), of entire functions of exponential type
 ω which belong to Lp(Rd).
To formulate our main result we will need the following definition.
Definition 1. A set of compactly supported distributions {Φj }, j ∈ N, is called sampling se-
quence in the space Eωp (Rd),1 p ∞, if there exist two positive constants C1,C2 such that
for any f ∈ Eωp (Rd) the following Plancherel–Polya-type inequality holds true:
C1
∑
j∈N
∣∣Φj(f )∣∣p  ∫
Rd
∣∣f (x)∣∣p dx  C2∑
j∈N
∣∣Φj(f )∣∣p.
In terms of this definition every classical sampling sequence of points {xj } should be identified
with a sampling sequence of Dirac measures δxj .
The goal of the present article is to develop sufficient conditions (Theorem 3.1) under which
a sequence of compactly supported distributions of order m 0 will be a sampling sequence in
the sense of the Definition 1.
Note that we do not assume that the supports of our distributions are disjoint. In Section 4
we develop a reconstruction algorithm for functions f from the Paley–Wiener space PWω(Rd)
by using their samples defined by some sequences of compactly supported distributions of a
fixed order m ∈ N. Our reconstruction formula (4.6) is a generalization of the Duffin–Schaeffer
formula (1.4).
All results of the paper are qualitative and a lot should be done in order to approach an optimal
result in the spirit of A. Beurling [5]. Such optimal result would be interesting from a theoretical
point of view and useful for applications in signal analysis and image processing.
We consider sets of points {xj }, xj ∈ Rd, for which there exists ρ > 0 such that the following
properties hold true. In what follows the notation B(x,ρ) means a ball on Rd with center x ∈ Rd
and of radius ρ.
(1) Balls B(xj , ρ/4) are disjoint.
(2) Balls B(xj , ρ/2) form a cover of Rd .
(3) Balls B(xj , ρ) form a cover of Rd of finite multiplicity N.
Although the first two conditions imply that the cover B(xj , ρ) has a finite multiplicity, it is
important for us to keep multiplicity of this cover bounded by a fixed constant N .
In Lemma 2.1 we prove the existence of such sets. Namely, we show that there exists a certain
uniform bound Nd = N(Rd) on multiplicity of all such covers with sufficiently small ρ’s.
Definition 2. We will use notation X(xj ,ρ,Nd) for any set of points {xj } ∈ Rd which satisfies
the above properties (1)–(3) and we will call such set a (ρ,Nd)-lattice in Rd .
In what follows we will always assume that 0 < ρ < 1.
For a fixed (ρ,Nd)-lattice X(xj ,ρ,Nd) we consider the following set Φ = {Φj } of distribu-
tions Φj .
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always assume that the total measure of Kj is finite, i.e.,
0 < |Kj | =
∫
Kj
dμj < ∞.
We consider the following distribution on C∞0 (B(xj , ρ)):
Φj(ϕ) =
∫
Kj
ϕ dμj , (1.5)
where ϕ ∈ C∞0 (B(xj , ρ)). As a compactly supported distribution of order zero it has a unique
continuous extension to the space C∞(B(xj , ρ)).
We say that a family Φ = {Φj } is uniformly bounded, if there exists a positive constant CΦ
such that
|Kj | CΦ (1.6)
for all j .
We will also say that a family Φ = {Φj } is separated from zero if there exists a constant
cΦ > 0 such that
|Kj | cΦ (1.7)
for all j .
Some examples of such distributions which are of particular interest to us are the following:
(1) Delta functionals. In this case Kj = {xj }, measure dμj is any positive number μj and
Φj(f ) = μjδxj (f ) = μjf (xj ).
(2) Finite or infinite sequences of delta functions δxj,k , xj,k ∈ B(xj , ρ/2), with corresponding
weights μj,k . In this case Kj =⋃k{xj,k} and
Φj(f ) =
∑
k
μj,kδxj,k (f ),
where we assume the following:
0 < |Kj | =
∑
k
|μj,k| < ∞, Kj =
⋃
k
{xj,k}.
(3) Kj is a smooth submanifold in B(xj , ρ/2) of any codimension and dμj is its “surface”
measure.
(4) Kj is the closure of B(xj , ρ/2) and dμj is the restriction of the weighted Lebesgue measure
dx on Rd .
Note that reconstruction of band limited functions in L2(Rd) from their average values over
sets of full measure was first considered in [9] and then later developed in [2,3,15,16,20]. But
our approach to the problem seems to be quite different.
Our ultimate goal is to consider families of distributions which are more general than the
family {Φj }. Namely, we will be interested in families of compactly supported distributions of
order m  0 which have the form Ψj = AΦj , where the family Φj is described in (1.5)–(1.7)
and A is an invertible linear differential operator of order m.
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any invertible differential operator A, any constants CΦ > cΦ > 0, there exist positive constants
C,C1, c1, such that for every ω > 0, every (ρ,Nd)-lattice X(xj ,ρ,Nd) with 0 < ρ < (Cω)−1,
every family of distributions {Φj } of the form (1.5) with properties (1.6), (1.7) and every f ∈
Eωp (R
d) the following inequalities hold true:
c1
(∑
i
∣∣Ψj (f )∣∣p)1/p  ρ−d/p‖f ‖p  C1(∑∣∣Ψj (f )∣∣p)1/p, Ψj = AΦj ,
for all f ∈ Eωp (Rd).
2. Poincaré type inequalities in Lp(Rd)
In what follows the notation Wkp(Rd), k ∈ N, W 0p(Rd) = Lp(Rd), 1  p ∞, is used for
Sobolev spaces of all functions in Lp(Rd) whose distributional mixed derivatives up to the or-
der k belong to Lp(Rd) and the norm is defined as
‖f ‖Wkp(Rd ) = ‖f ‖p +
∑
|α|k
∥∥∂ |α|f ∥∥
p
,
were ‖f ‖p means the Lp(Rd)-norm of the function f . This norm is equivalent to each of the
following norms (see [1,12]):
‖f ‖p +
∑
|α|=k
∥∥∂ |α|f ∥∥
p
or
‖f ‖p +
∥∥k/2f ∥∥
p
,
where  is the Laplace operator in Lp(Rd).
In the case p = 2 we use the notation Wk2 (Rd) = Hk(Rd). We will need the following lemma.
Lemma 2.1. For any ρ > 0 there exists a set of points {xj } in Rd such that
(1) balls B(xj , ρ/4) are disjoint,
(2) balls B(xj , ρ/2) form a cover of Rd ,
(3) multiplicity of the cover by balls B(xj , ρ) is not greater Nd = 12d .
Proof. The last statement means that every point of Rd belong to no more than Nd = 12d balls
from the family B(xj , ρ).
Let us choose a family of disjoint balls B(xj , ρ/4) such that there is no ball B(x,ρ/4),
x ∈ Rd, which has empty intersections with all balls from our family. Then the family B(xj , ρ/2)
is a cover of Rd . Every ball from the family {B(xj , ρ)}, that has non-empty intersection with a
particular ball B(xk,ρ) is contained in the ball B(xk,3ρ). Since any two balls from the family
{B(xj , ρ/4)} are disjoint, it gives the following estimate for the index of multiplicity N of the
cover {B(xj , ρ)}:
N  VolB(x,3ρ) = 12d . 
VolB(x,ρ/4)
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ball B(x0, ρ) and a fixed compact set K ⊂ B(x0, ρ) with a measure μ on it. The corresponding
functional Φ is defined by the formula (1.5).
Lemma 2.2. For any k > d/p there exists a constant C = C(d, k) > 0, such that for any ball
B(x0, ρ), x0 ∈ Rd, any distribution Φ of type (1.5) the following inequality holds true:∥∥f − |K|−1Φ(f )∥∥
Lp(B(x0,ρ/2)
 C(d, k)
∑
1|α|k
ρ|α|
∥∥∂ |α|f ∥∥
Lp(B(x0,ρ))
, (2.1)
where f ∈ Wkp(Rd), k > d/p, 1 p ∞, and ∂mf is a partial derivative of order m in a rec-
tangular coordinate system in Rd .
Proof. For any f ∈ C∞(Rd), every x, y ∈ B(x0, ρ/2) we have the following:
f (x) = f (y) +
∑
1|α|k−1
1
α!∂
|α|f (y)(x − y)α +
∑
|α|=k
1
α!
η∫
0
tk−1∂ |α|f (y + tϑ)ϑα dt,
where x = (x1, . . . , xd), y = (y1, . . . , yd), α = (α1, . . . , αd), (x − y)α = (x1 − y1)α1 · · · (xd −
yd)
αd , η = ‖x − y‖, ϑ = (x − y)/η.
We integrate each term over compact K ⊂ B(x0, ρ) against dμ(y), where dμ is the measure
on K . It gives
f (x) − |K|−1Φ(f )
= |K|−1
∫
K
( ∑
1|α|k−1
1
α!∂
|α|f (y)(x − y)α
)
dμ(y)
+ |K|−1
∫
K
( ∑
|α|=k
1
(k − 1)!
η∫
0
tk−1∂ |α|f (y + tϑ)ϑα dt
)
dμ(y),
and then∣∣f (x) − |K|−1Φ(f )∣∣p
C(k, d)|K|−1
∑
1|α|k−1
(∫
K
∣∣∂ |α|f (y)(x − y)α∣∣dμ(y))p
+ C(k, d)|K|−1
∑
|α|=k
(∫
K
∣∣∣∣∣
η∫
0
tk−1∂ |α|f (y + tϑ)ϑα dt
∣∣∣∣∣dμ(y)
)p
.
Thus, we obtain∥∥f − |K|−1Φ(f )∥∥
Lp(B(x0,ρ/2))
 C(k, d)|K|−1
∑
1|α|k−1
( ∫ (∫ ∣∣∂ |α|f (y)(x − y)α∣∣dμ(y))p dx)1/p
B(x0,ρ/2) K
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∑
|α|=k
( ∫
B(x0,ρ/2)
(∫
K
∣∣∣∣∣
η∫
0
tk−1∂ |α|f (y + tϑ)ϑα dt
∣∣∣∣∣dμ(y)
)p
dx
)1/p
.
(2.2)
By the Minkowski inequality the first term on the right in (2.2) is not greater than
C(k, d)|K|−1
∑
1|α|k−1
∫
K
( ∫
B(x0,ρ/2)
∣∣∂ |α|f (y)(x − y)α∣∣p dx)1/p dμ(y). (2.3)
Now we are going to use the known inequality [1]∣∣ψ(y)∣∣ ∑
0nm
C(d,m,n)ρn−d/p‖ψ‖Wnp(B(x0,ρ)), m > d/p,
where y ∈ B(x0, ρ/2), ψ ∈ C∞(B(x0, ρ)). This inequality implies the inequality∣∣∂ |α|f (y)∣∣ C(d,m) ∑
0|σ |m
ρ|σ+α|−d/p
∥∥∂ |σ+α|f ∥∥
Lp(B(x0,ρ))
, (2.4)
where y ∈ B(x0, ρ/2), σ = (σ1, σ2, . . . , σd), m > d/p.
A combination of (2.3) and (2.4) shows that the first term in (2.2) is not greater than
C(k, d)
∑
1|γ |m+k−1
ρ|γ |
∥∥∂ |γ |f ∥∥
Lp(B(x0,ρ))
.
By the same Minkowski inequality the second term on the right in (2.2) is not greater than
C(k, d)|K|−1
∑
|α|=k
∫
K
( ∫
B(x0,ρ/2)
∣∣∣∣∣
η∫
0
tk−1∂ |α|f (y + tϑ)ϑα dt
∣∣∣∣∣
p
dx
)1/p
dμ(y).
By using the Hölder inequality and the assumption k > d/p we estimate the inner integral∣∣∣∣∣
η∫
0
tk−1∂ |α|f (y + tϑ)ϑα dt
∣∣∣∣∣
p
Cτpk−d
η∫
0
td−1
∣∣∂ |α|f (y + tϑ)∣∣p dt.
So, we obtain that the second term on the right side of (2.2) is not greater than
C(k, d)|K|−1
(∫
K
( ∫
B(x0,ρ/2)
ηpk−d
η∫
0
td−1
∣∣∂ |α|f (y + tϑ)∣∣p dt)dx)1/p.
We integrate over the ball B(x0, ρ/2) using the spherical coordinate system (η,ϑ) and since
η ρ we obtain that the above integral is not larger than the term
C(k, d)ρpk
∑
|α|=k
∥∥∂ |α|f ∥∥p
Lp(B(x0,ρ))
.
The above estimates give the desired inequality (2.1). 
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any lattice X(xj ,ρ,Nd), 0 < ρ < 1, any family of distributions Φ = {Φj } defined in (1.5) with
the property (1.6) and any f ∈ Wkp(Rd) the following inequality holds true:(∑
j
∣∣Φj(f )∣∣p)1/p Cρ−d/p‖f ‖Wkp(Rd ), k > d/p, 1 p ∞. (2.5)
Proof. Using properties of distributions Φj and the inequality∣∣ψ(y)∣∣ C0(d, k) ∑
0mk
ρm−d/p‖ψ‖Wmp (B(xj ,ρ)), k > d/p,
where y ∈ B(xj , ρ/2), ψ ∈ C∞(B(xj , ρ)), we obtain∣∣Φj(f )∣∣ CΦ sup
x∈B(xj ,ρ/2)
∣∣f (x)∣∣ C0CΦ ∑
0mk
ρm−d/p‖f ‖Wmp (B(xj ,ρ)),
where f ∈ C∞(Rd) ∩ Lp(Rd), k > d/p, C0 = C0(d, k), and then(∑
j
∣∣Φj(f )∣∣p)1/p C0CΦ(∑
j
∑
0mk
ρm−d/p‖f ‖pWmp (B(xj ,ρ))
)1/p
.
Since the multiplicity of the cover by balls B(xj , ρ) is not greater Nd we obtain(∑
j
∣∣Φj(f )∣∣p)1/p  Cρ−d/p( ∑
0mk
∑
j
‖f ‖pWmp (B(xj ,ρ))
)1/p
= Cρ−d/p‖f ‖Wkp(Rd ),
where C = C(CΦ,d, k). 
Our global Poincaré-type inequality is the following.
Theorem 2.4. For any k > d/p, CΦ > cΦ > 0, there exist constants C = C(d,CΦ, cΦ, k) > 0
and ρ0 = ρ0(d,CΦ, cΦ, k) > 0, such that for any (ρ,Nd)-lattice X(xj ,ρ,Nd) with ρ < ρ0, any
family of distributions Φ = {Φj } of the form (1.5) which satisfy (1.6) and (1.7) with the constants
CΦ and cΦ the following inequality holds true:
‖f ‖p  C
{
ρd/p
(∑
j
|Kj |−1
∣∣Φj(f )∣∣p)1/p + ρk∥∥k/2f ∥∥p}, 1 p ∞, (2.6)
for all f ∈ Wkp(Rd).
Proof. Since the balls B(xj , ρ) form a cover of Rd of finite multiplicity the inequality (2.1)
implies the inequality∑
j=1
∥∥f − |Kj |−1Φj(f )∥∥Lp(B(xj ,ρ/2)  C(d, k)CΦc−1Φ ∑
1νk
ρν‖f ‖Wνp(Rd ). (2.7)
Next, we have
1202 I. Pesenson / J. Math. Anal. Appl. 330 (2007) 1194–1206‖f ‖pp 
∑
j
‖f ‖pLp(B(xj ,ρ/2))
 2
∑
j
∥∥f − |Kj |−1Φj(f )∥∥pLp((B(xj ,ρ/2))
+ 2 Vol(B(xj , ρ/2))∑
j
|Kj |−1
∣∣Φj(f )∣∣p,
and then
‖f ‖p  C(d, k)CΦc−1Φ
{
ρd/p
(∑
j
|Kj |−1
∣∣Φj(f )∣∣p)1/p + ∑
1νk
ρν‖f ‖Wνp(Rd )
}
.
Since
‖f ‖Wνp(Rd )  cν
(‖f ‖p + ∥∥ν/2f ∥∥p)
we obtain
‖f ‖p  C
{
ρd/p
( ∞∑
j=1
|Kj |−1
∣∣Φj(f )∣∣p)1/p + k∑
ν=1
ρν
(‖f ‖p + ∥∥ν/2f ∥∥p)
}
, (2.8)
where k > d/p, C = C(CΦ, cΦ, d, k).
Since according to Lemma 2.1 for any ρ > 0 there are (ρ,Nd)-lattices we can assume that
ρ in the last inequality is so small that
ρ × k × C(CΦ, cΦ, d, k) = 12 .
For any (ρ,Nd)-lattice with such ρ the inequality (2.8) implies
‖f ‖p  C′(CΦ, cΦ, d, k)
{
ρd/p
( ∞∑
j=1
|Kj |−1
∣∣Φj(f )∣∣p)1/p + k∑
ν=1
ρν
∥∥ν/2f ∥∥
p
}
. (2.9)
According to the interpolation inequality for any a > 0, ρ > 0,0 ν  k we have
ρν
∥∥ν/2f ∥∥
p
 ak−νρk
∥∥k/2f ∥∥
p
+ cka−ν‖f ‖p, 1 ν  k.
Combination of this inequality with the inequality (2.9) shows that we can choose a large a
such that the inequality (2.6) will be obtained. 
3. Plancherel–Polya-type inequalities for functions from Eωp(Rd)
By using our family {Φj } of distributions of order 0 which is defined in (1.5)–(1.7) and a dif-
ferential operator A of order m ∈ N which has bounded inverse in Lp(Rd) we introduce a family
of distributions of order m. Namely, we will use notation Ψj for a compactly supported distribu-
tion of order m ∈ N, which has the form
Ψj = AΦj . (3.1)
This definition simply means that
Ψj (f ) =
∫
K
Af dμj ,j
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tion Φj .
Our next goal is to prove a Plancherel–Polya inequality for a family of distributions {Ψj }.
Theorem 3.1. For any given invertible differential operator A, any given CΦ > cΦ > 0, there
exist positive constants C,C1, c1, such that for every ω > 0, every (ρ,Nd)-lattice X(xj ,ρ,Nd)
with 0 < ρ < (Cω)−1, every family of distributions {Ψj } of the form (3.1) where a family {Φj }
is defined in (1.5)–(1.7) with the given CΦ  cΦ the following inequalities hold true:
c1ρ
d/p
(∑∣∣Ψj (f )∣∣p)1/p  ‖f ‖p  C1ρd/p(∑∣∣Ψj (f )∣∣p)1/p, 1 p ∞,
for every f ∈ Eωp (Rd).
Proof. First, we are going to prove the above inequality for the family of measures {Φj }. By
Lemma 2.4 there exists C such that for any (ρ,Nd)-lattice with sufficiently small ρ we have the
inequality for kd = [d/2] + 1,
‖f ‖p  C
{
ρd/p
( ∞∑
j=1
∣∣Φj(f )∣∣p)1/p + ρkd∥∥kd/2f ∥∥p
}
.
If for the fixed ω and kd we choose ρ such that
Cdkdωkd ρkd  1
2
,
then since every function from Eωp (Rd) satisfies the Bernstein inequality∥∥kd/2f ∥∥
p
 (dω)kd‖f ‖p
for any f ∈ Eωp (Rd) and for any k = 0,1,2, . . . , we will have the inequality
‖f ‖p  C1ρd/2
( ∞∑
j=1
∣∣Φj(f )∣∣p)1/p.
On the other hand, by Lemma 2.3 for kd ,
ρd/p
( ∞∑
j=1
∣∣Φj(f )∣∣p)1/p  C‖f ‖Wkd (Rd )  C(d)max(1,ωkd )‖f ‖p = c1‖f ‖p.
Now, the theorem follows from the Bernstein inequality for functions in Eωp (Rd) and invertibility
of the operator A. 
For a set of distributions Ψ = {Ψj } and ω > 0 the notation lωp (Ψ ) will be used for a linear
subspace of all sequences {vj } in lp for which there exists a function f in PWω(Rd) such that{
Ψj (f )
}= vj , j ∈ N.
In general lωp (Ψ ) = lp .
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R : lωp (Ψ ) → Eωp
(
R
d
)
such that
R :
{
Ψj (f )
}→ f.
The reconstruction method is said to be stable, if it is continuous in topologies induced re-
spectively by lp and Lp(Rd).
The following statement is a direct consequence of Theorem 3.1.
Theorem 3.2. For any given CΦ > cΦ > 0 and any invertible differential operator A there exist
positive constants C,C1, c1, such that for every ω > 0, every (ρ,Nd)-lattice X(xj ,ρ,Nd) with
0 < ρ < (Cω)−1, every family of distributions {Ψj = AΦj } where Φj are of the form (1.5) with
properties (1.6), (1.7) the following statements hold true:
(1) every function f in Eωp (Rd), 1  p  ∞, is uniquely determined by the set of samples
{Ψj (f )};
(2) a reconstruction method R from a such set of samples {Ψj (f )},
R :
{
Ψj (f )
}→ f
is stable.
4. Reconstruction in terms of frames
In this section we consider the case p = 2. We discuss a method of reconstruction of a func-
tion f in the space PWω(Rd) from a set of samples {Ψj (f )}, where distributions Ψj are the
distributions (3.1) and where Φj is the family of measures described in (1.5)–(1.7). In this sec-
tion we assume that the invertible differential operator A in the formula (3.1) is fixed.
We consider the Fourier transform
Ψ̂j (ξ) = Ψj
(
ei〈x,ξ〉
) (4.1)
of the distribution Ψj . From Theorem 3.1 we obtain
c‖fˆ ‖2 
(∑
j
∣∣〈Ψ̂j , fˆ 〉∣∣2)1/2  C‖fˆ ‖2, (4.2)
where 〈.,.〉 is the scalar product in the space L2(B(0,ω)). The following statement is just another
interpretation of the inequalities (4.2).
Theorem 4.1. For a given invertible differential operator A, any given constants CΦ > cΦ > 0,
there exists a positive constant C such that for every ω > 0, every (ρ,Nd)-lattice X(xj ,ρ,Nd)
with 0 < ρ < (Cω)−1, every family of distributions Ψj = AΦj where Φj are defined in (1.5)–
(1.7), the restrictions of the holomorphic functions {Ψ̂j } to the ball (B(0,ω)) form a frame in the
space L2(B(0,ω)).
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(4.1) takes the form
Ψ̂j (ξ) = ei〈xj ,ξ〉. (4.3)
In this situation the last theorem means that the Fourier transforms of δxj , xj ∈ Z, form a frame
in the space L2(B(0,ω)).
According to the general theory [4,8] there exists a dual frame Θ̂j in L2(B(0,ω)) and a re-
construction formula can be written in terms of the dual frame as
fˆ =
∑
j
〈Θ̂j , fˆ 〉Ψ̂j =
∑
j
〈Ψ̂j , fˆ 〉Θ̂j , (4.4)
where inner product is taken in the space L2(B(0,ω)).
To describe the dual frame one has to consider the so called frame operator
F(fˆ ) =
∑
j
〈Ψ̂j , fˆ 〉Ψ̂j .
The operator F is invertible and the dual frame {Θ̂j } in the space L2(B(0,ω)) is introduced by
using the following formula:
Θ̂j = F−1Ψ̂j . (4.5)
Theorem 4.2. For a given invertible differential operator A, any given constants CΦ > cΦ > 0,
there exists a positive constant C such that for every ω > 0, every (ρ,Nd)-lattice X(xj ,ρ,Nd)
with 0 < ρ < (Cω)−1, every family of distributions Ψj = AΦj where Φj are defined in (1.5)–
(1.7), every Paley–Wiener function f ∈ PWω(Rd) can be reconstructed from the set of samples
{Ψj (f )} by using the formula
f =
∑
j
Ψj (f )Θj , (4.6)
where {Θj } is a frame in PWω(Rd) and the Fourier transforms Θ̂j of the functions Θj are
defined in (4.5).
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